14
Coadjoint Orbits

In this chapter we prove, amongst other things, that the coadjoint orbits
of a Lie group are symplectic manifolds. These symplectic manifolds are,
in fact, the symplectic leaves for the Lie-Poisson bracket. This result was
developed and used by Kirillov, Arnold, Kostant, and Souriau in the early
to mid-1960s, although it had important roots going back to the work of
Lie, Borel, and Weil. (See Kirillov [1962, 1976b], Arnold [1966a], Kostant
[1970], and Souriau [1969].) Here we give a direct proof. In Volume II we
shall see a more “natural” proof using reduction.

Recall from Chapter 9 that the adjoint representation of a Lie group
G is defined by

Adg=T.l;:9— 9,

where I, : G — G is the inner automorphism I,(h) = ghg~!. The coad-
joint action is given by

Ady-1:g" — g,
where Adzfl is the dual of the linear map Adg-1, that is, it is defined by

<Ad2*1 (/1')7 £> = <Ma Adg—1 (£)>7

where 1 € g*,€ € g, and (,) denotes the pairing between g* and g. The
coadjoint orbit, Orb(u), through p € g* is the subset of g* defined by

Orb(u) == {Ad;-: (1) | g € G} :=G - .

Like the orbit of any group action, Orb(u) is an immersed submanifold of
g* and if G is compact, Orb(u) is a closed embedded submanifold.
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430 14.1 Examples of Coadjoint Orbits
14.1 Examples of Coadjoint Orbits
(a) Rotation Group. As we saw in §9.3, the adjoint action for SO(3)
is
Ada(v) = Av, where A € SO(3) and v € R® = 50(3).

Identify s0(3)* with R® by the usual dot product, that is, if IT,v € R3, we
have (II,¥) = II - v. Thus, for IT € s0(3)* and A € SO(3),

(Adj -1 (TD),¥) = (TI, Adpy 1 (V) = (TIL, (A" ') =I1- A~ v
=A™ NHTI-v=AIl. v (14.1.1)

since A is orthogonal. Hence, with s0(3)* identified with R®, Ad5_. = A,
and so

Orb(II) = {AdA-.(II) | A € SO(3)} = {AIL | A € SO(3)}, (14.1.2)
which is the sphere in R? of radius ||IT||. ¢

(b) Affine Group on R. Consider the Lie group of transformations of
R of the form T'(x) = ax + b where a # 0. Identify G with the set of pairs
(a,b) € R? with a # 0. Since

(Th 0o To)(x) = a1(asx 4 b2) + b1 = ar1asx + a1bs + by

and
T4 w) = 2(a - D),

we take group multiplication to be
(al, bl) . (ag, bg) = (alag, arbs + bl) (1413)
The inverse of (a,b) is

(a,b)"! = (1,—9> (14.1.4)

a a

and the identity element is (1,0). Thus, G is a two-dimensional Lie group.
It is an example of a semidirect product. (See Exercise 9.3-1.) As a set,
the Lie algebra of G is g = R?; to compute the bracket on g we shall first
compute the adjoint representation. The inner automorphisms are given by

I(a,b) (Cv d) = (av b) ’ (Ca d) : (aa b)il
= (ac,ad +b) - (1,—9>

a a
= (¢,ad — bc+b), (14.1.5)
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14.1 Examples of Coadjoint Orbits 431

and so differentiating (14.1.5) with respect to (c,d) at the identity in the
direction of (u,v) € g, gives

Ad(a,b) (uv v) = (ua av — bu) (1416)

Differentiating (14.1.6) with respect to (a,b) in the direction (r, s) gives the
Lie bracket

[(r,s), (u,v)] = (0, rv — su). (14.1.7)

The adjoint orbit through (u,v) is {u} x R if (u,v) # (0,0) and is {(0,0)}
if (u,v) = (0,0). The adjoint orbit {u} x R cannot be symplectic, as it is
one dimensional. To compute the coadjoint orbits, denote elements of g* by

( g ) and the pairing

(o

identifies g* with R?. Then

(s () u0) = ( 3) )
- << g ),(u,av—bu)>

)> =au+ Bv (14.1.8)

= R

= au + Bav — [bu. (14.1.9)
Thus,
Adj, ) ( g ) = ( O‘gfb ) (14.1.10)
@

B
) is R? minus the SB-axis. ¢

If B = 0, the coadjoint orbit through ( ) is a single point. If 8 # 0, the

o

g

(c) Orbits in X}, . Let G = Diff\,1(€2), the group of volume-preserving
diffeomorphisms of a region Q in R”, with Lie algebra X4;v(02). In Exam-
ple (d) of §10.2 we identified X3, () with Xqiv(€2) by using the L?-pairing
on vector fields. Here we begin by finding a different representative of the
dual X3;, (), which is more convenient for explicitly determining the coad-
joint action. Then we return to the identification above and will find the
expression for the coadjoint action on X4;y(£2); it will turn out to be more
complicated.

The main technical ingredient used below is the Hodge decomposition
theorem for manifolds with boundary. Here we state only the relevant facts
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432 14.1 Examples of Coadjoint Orbits

to be used below. A k-form « is said to be tangent to 0} if i*(xa) =
0. Let QF(Q) denote all k-forms on M which are tangent to 9. One of
the Hodge decomposition theorems states that there is an L2-orthogonal
decomposition

QF(Q) = dOF1(Q) @ {a € QF(Q) | da = 0}.
This implies that the pairing
() {a e Q)| 6a =0} x Xqi(Q) — R

given by
(M,X)z/MiXid”x. (14.1.11)
Q

is weakly nondegenerate. Indeed, if
M e {a € Qf(M)]|da=0}
and (M, X) =0 for all X € X4;v(©2), then (M, B) = 0 for all
Be{Q(Q)|6B=0}

because the index lowering operator ? given by the metric on © induces an
ismorphism between X4, (€2) and

{a € Q;(Q)| 6B =0}.

Therefore, by the L2-orthogonal decomposition quoted above, M = df
and hence M = 0. Similarly, if X € Xg4;v(2) and (M, X) = 0 for all
M € {a € Q}(M) | 6o = 0}, then (M, X") = 0 for all such M, and as
before X* = df, that is, X = Vf. But this implies X = 0 since Xq;,(Q)
and gradients are L2-orthogonal by the Stokes theorem. Therefore, we can
identify

X5.(Q) ={M € Q} () | 6M = 0}. (14.1.12)

The coadjoint action of Diff 1 (£2) on X3;,(Q) is computed in the follow-
ing way. Recall from Chapter 9 that Ad,(X) = ¢.X for ¢ € Diff ()
and X € X4iv(Q). Thus,

Ad M, X) = (M, Ady s X) = [ M-o*Xd"z= | o.M -Xd"z
@ © ¥ ¥
Q Q

by the change of variables formula. Therefore,

Adg-s M =¢.M andso OrbM = {p.M | ¢ € Diffy(Q?)}. (14.1.13)
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14.1 Examples of Coadjoint Orbits 433

Next, let us return to the identification of Xg4;,(€2) with itself by the
L?-pairing on vector fields

(X,Y) = /QX Yd'x. (14.1.14)

The Helmholtz decomposition says that any vector field on € can be
uniquely decomposed orthogonally in a sum of a gradient of a function and
a divergence-free vector field tangent to 02; this decomposition is equiva-
lent to the Hodge decomposition on one-forms quoted before. This shows
that (14.1.14) is a weakly nondegenerate pairing. For ¢ € Diff,1(2), denote
by (T¢)" the adjoint of T'p : TQ — T relative to the metric (14.1.14). By
the change of variables formula,

(Ad, 1 Y, X) = (Y, Ady-1 X) = /QY Co* X dx
:/QY~(T¢’1oXo<p)d”x
= [(@ ) oY op)- X da,
that is,
Ad, Y = (Te M) oYop (14.1.15)
and

OrbY = {(To HT oY 0| ¢ € Diff 1 (Q)}. (14.1.16)

This example shows that different pairings give rise to different formulae
for the coadjoint action and that the choice of dual is dictated by the
specific application one has in mind. For example, the pairing (14.1.14)
was convenient for the Lie—Poisson bracket on ¥4;v(£2) in Example (d)
of §10.2. On the other hand, many computations involving the coadjoint
action are simpler with the choice (14.1.12) of the dual corresponding to
the pairing (14.1.11). ¢

(d) Orbits in X},,. Let G = Diff.,n(P) be the group of canonical trans-
formations of a symplectic manifold P with H'(P) = 0. Letting k be a
function on P, and X} the corresponding Hamiltonian vector field, and

¢ € G, we have
Adga Xk = (p*Xk = Xkoga—l (14.1.17)

so identifying g with F(P) modulo constants, or equivalently with functions
on P with zero average, we get Ad, k = p.k = kop~!. On the dual space,
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434 14.1 Examples of Coadjoint Orbits

which is identified with F(P) (modulo constants) via the L2-pairing, a
straightforward verification shows that

Adf -y f=puf =fop " (14.1.18)
One sometimes says that
Orb(f) = {fo¢™" | ¢ € Diffcan(P)}
consists of canonical rearrangements of f. ¢

(e) Toda Orbit. Another interesting example is the Toda orbit, which
arises in the study of completely integrable systems. Let

g = Lie algebra of real n x n lower triangular matrices
of trace zero,

G = lower triangular matrices with determinant one,
and identify
g* = the upper triangular matrices,
using the pairing
(€, ) = Trace(§p),
where £ € g and ;1 € g*. Since Ady & = AEA™!, we get
Ady: = P(ApA™Y), (14.1.19)

where P : sl(n,R) — g* is the projection sending any matrix to its upper
triangular part. Now let

01 0 0 0
001 - 00
000 -~ 00
p=1{. . . . . . |eg. (14.1.20)
00 0 0 1
0 00 0 0

One finds that Orb(u) = {P(Au A=) | A € G} consists of matrices of the
form

b1 aq 0 0 0 0
0 by as O 0 0
0 0 b3 as 0 0
L=|0 0 0 b 0 0 1, (14.1.21)
0 0 0 0 b1 1
L0 0 0 0 0 by |
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where b, = 0. See Kostant [1980] and Symes [1982a,b] for further infor-
mation. ¢

(f) Coadjoint Orbits That Are Not Submanifolds. The following ex-
ample of a Lie group G, whose generic coadjoint orbits in g* are not sub-
manifolds, is due to Kirillov [1976b], p. 293. Let « be irrational, define

et 0z
G= 0 e w ||[teRz,weCy, (14.1.22)
0 0 1

and note the G is diffeomorphic to R°. As a group it is the semidirect

product of
et 0

with C2, the action being by left multiplication of vectors in C? by elements
of H (see Exercise 9.3-1). The Lie algebra g of G is

it 0 =z
g= 0 iat y ||teRax,yeC (14.1.23)
0 0 0

with the usual commutator bracket as Lie bracket. Identify g* with

is 0 0
g = 0 das 0 ||s€eRabeC (14.1.24)
a b 0

via the nondegenerate pairing in gl(3,C) is given by
(A, B) = Re (trace(AB)).

The adjoint action of

et 0 2z is 0 =x
g=1| 0 et w on £=| 0 das y
0 0 1 0O 0 O
is given by
is 0 ety —isz
Adg €= | 0 das ey—iasw |. (14.1.25)
0 0 0

The coadjoint action of the same group element g on

w0 0
p=1 0 dau O
a b 0
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436 14.2 Tangent Vectors to Coadjoint Orbits

is given by
i 0 0
Adyp = 0 o’ 0 |, (14.1.26)
aefit befiozt 0
where
u=u+ 1_’_f.ézlrn(ae_itz + be " qap). (14.1.27)

If a, b # 0, the orbit through p is two dimensional; it is a cylindrical surface
whose generator is the u/-axis and whose base is the curve in C? given
parametrically by ¢ +— (ae™%, be~*"). This curve, however, is the irrational
flow on the torus with radii |a| and |b|, that is, the cylindrical surface
accumulates on itself and thus is not a submanifold of R®. We shall return
to this example at the end of §14.6. ¢

14.2 Tangent Vectors to Coadjoint Orbits

In general, orbits of a Lie group action, while manifolds in their own right,
are not submanifolds of the ambient manifold; they are only injectively im-
mersed manifolds. A notable exception occurs in the case of compact Lie
groups: then all their orbits are embedded submanifolds. Coadjoint orbits
are no exception to this global problem, as we saw in the preceding exam-
ples. We shall always regard them as injectively immersed submanifolds,
diffeomorphic to G/G ., where G, = {g € G | Ady pu = p} is the isotropy
subgroup of the coadjoint action at a point u in the orbit.

We now describe tangent vectors to coadjoint orbits. Let £ € g and let
g(t) be a curve in G tangent to £ at ¢t = 0; for example, let g(t) = exp(t).
Let O be a coadjoint orbit, and p € O. If € g, then

is a curve in O with p(0) = p. Differentiating the identity

with respect to t at ¢t = 0, we get

*

(1'(0),m) = —(u,ade ) = —(adg p,m), andso p'(0) = —adg p.
(14.2.3)

Thus,
7,0 ={ad; p| € € g} (14.2.4)
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14.2 Tangent Vectors to Coadjoint Orbits 437

This calculation also proves that the infinitessimal generator of the coad-
joint action is given by

Ea- () = —adg p. (14.2.5)

The following characterization of the tangent space to coadjoint orbits
is often useful. We let g, = {§ € g | adg u = 0} be the coadjoint isotropy
algebra of p; it is the Lie algebra of the coadjoint isotropy group G, =
{9€G|Adyp=p}

Proposition 14.2.1. Let (,) : g* x g — R be a weakly nondegenerate
pairing and let O be the coadjoint orbit through p € g*. Let

g, ={veg |{vmn =0 foralncag,}

be the annihilator of g, in g*. Then T),O C g,,. If g is finite dimensional,
then T),0 = g;,. The same equality holds if g and g* are Banach spaces,
T,0 is closed in g*, and the pairing is strongly nondegenerate.

Proof. Tor any £ € g,n € g, we have

(adg p,m) = (u, [§:m]) = —(ad), . &) =0,

which proves the inclusion 7,0 C g,,. If g is finite dimensional, equality
holds since dim7},0 = dimg — dimg, = dimg,,. If g and g* are infinite-
dimensional Banach spaces and (,) : g* x g — R is a strong pairing, we
can assume without loss of generality that it is the natural pairing between
a Banach space and its dual. If g, # 7,0 pick v # 0,v € g;,,v ¢ T,0.
By the Hahn-Banach theorem there is an n € g such that (v,n) = 1
and (ad¢ p,m) = 0 for all £ € g. The latter condition is equivalent to
1 € gu- On the other hand, since v € g;, we have (v,7) = 0, which is a
contradiction. |

Examples of Tangent Vectors

(a) Rotation Group. Identifying (s0(3),[-,]) = (R?, x) and s0(3)* =
R? via the natural pairing given by the Euclidean inner product, formula
(14.2.5) reads as follows for IT € so(3)* and &,n € s0(3),

<£50(3)*(H)7n> =—1I. (£ X 77) = _(H X £) 'n (1426)

so that &,,(5)- (II) = —IIx§ = EXII. As expected, &,(3)~ (IT) € Tr Orb(IT)
is tangent to the sphere Orb(IT). Allowing £ to vary in s0(3) = R3, one
obtains all of T1; Orb(II). ¢
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438 14.3 The Symplectic Structure on Coadjoint Orbits

(b) Affine Group on R. Let (u,v) € g and consider the coadjoint orbit

through the point Y e g*. Then (14.2.5) reads
B

(1, v)g- ( g ) = << g ),[-,(u,v)]>. (14.2.7)
)lmaon) = ((§ ) 0ro=s) = s - sup

But << g
and so
Q@ vf3
(u, v) g ( 3 ) = ( —up ) (14.2.8)
If 3 # 0, these vectors span g* = R? as they should. ¢

(c) The Group Diff,,. For G = Dift,, and M € X3,,, we get the tan-
gent vectors to Orb(M) by differentiating (14.1.13) with respect to ¢, yield-
ing

Trr Orb(M) = {—£,M | v is divergence free and tangent to 9§2}.

(14.2.9)
¢
(d) The Group Diffcan (P). For G = Diff;a, (P), we have
Ty Orb(f) ={—{f.k} | k € F(P)}. (14.2.10)
¢

(e) The Toda Lattice. The tangent space to the Toda orbit consists of
matrices of the same form as L in (14.1.21) since those matrices form a
linear space. The reader can check that (14.2.4) gives the same answer. ¢

14.3 The Symplectic Structure on Coadjoint
Orbits

Theorem 14.3.1 (Coadjoint Orbit Theorem). Let G be a Lie group
and let O C g* be a coadjoint orbit. Then O is a symplectic manifold. In
fact, there are unique symplectic forms w® on O such that

wF (1) (&= (1), Mg (1)) = £, [, m]) (14.3.1)

for all i € O and €, € g. We refer to wt as the coadjoint orbit sym-
plectic structures and, if there is danger of confusion, denote it w%.
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Proof. We prove the result for w™, the argument for w™ being similar.
First we show that formula (14.3.1) gives a well-defined form; that is, the
right-hand side is independent of the particular £ € g and n € g which
define the tangent vectors &g~ (1) and ng+ (). This follows by observing that
g (1) = &g (p) implies —(u, [§,n]) = —(u, [¢',n]) for all n € g. Therefore,

w™ () (€g (1), Mg (1)) = w™ (&G (1), mg= (1)), so w™ is well defined.
Second, we show that w™ is nondegenerate. Since the pairing () is non-

degenerate, w (1) (&g (1), ng~ (1)) = 0 for all ng« (1) implies — (i, [§,7]) =0
for all . This means that 0 = —(u, [£, -]) = &g~ (1)-

Finally, we show that w™ is closed, that is dw™ = 0. To do this we begin
by defining, for each v € g*, the one-form vz, on G by

vi(9) = (TyLg-1)(v),

where g € G. The one-form vy, is readily checked to be left invariant; that
is Lyvp = vp for all g € G. For § € g, let { be the corresponding left
invariant vector field on G, so v (€r) is a constant function on G (whose
value at any point is (v, £)). Choose v € O and consider the surjective map
¢y G — O defined by g — Adj-.(v) and the two-form o = p;w™ on G.
We claim that

o=dvr. (14.3.2)
To prove this, notice that

(Teww)(n) = ng~(v) (14.3.3)

so that the surjective map ¢, is submersive at e. By definition of pull back,
o(e)(§,m) equals

(%W—)(e)(& 77) = w_(@u(e))(Te@u &, Tey - m)
=w” (V) (&g (), Mg+ (v) = — (v, [&;m])- (14.3.4)

Hence

o(§L,nu)(e) = a(e)(§n) = =W, [§,n)) = —(ve, €L, mel)(e).  (14.3.5)

We shall need the relation o(&r,nL) = —(vr, [€L,mL]) at each point of G;
to get it, we first prove two lemmas. v

Lemma 14.3.2. Adj-. : O — O preserves w™, that is, (Ady-1)*w™ =

W
Proof. To prove this, we recall two identities from Chapter 9. First,
(Adg §)g- = Ady1 og- 0 Ady, (14.3.6)

........................... 2 April 1998—14h10 ...

Is vV
correct as
end-of-proof
symbols

for the
following
lemmas?
(wendy)



440 14.3 The Symplectic Structure on Coadjoint Orbits

which is proved by letting £ be tangent to a curve h(e) at ¢ = 0, recalling
that

Ady €= Lgh(e)g™! B (14.3.7)
and noting
d
(Adg f)g*(ﬂ) = i@e Ad(gh(e)g—l) 1 Y
_ diAd;_l Adj 0 Ady)| (14.3.8)
Second, we require the identity
Ady[¢,n] = [Ady &, Adg 7], (14.3.9)
which follows by differentiating the relation
1, (In(K)) = L,(A)I, (k) L, (h™") (14.3.10)

with respect to h and k and evaluating at the identity.
Evaluating (14.3.6) at v = Ad -1 p1, we get

(Ady O)g- (1) = Al g (1) = Ty Ad}s € (), (14.311)
by linearity of Ad:;—l. Thus,

((Adg-1)"w™) (1) (&g~ (1), mg= (1))

— () (T, Ady s g (). Ty Adgs g (1)

— o ()((Ady E)ge (), (Ady 1)y (1) (by (143.11))
— (v, [Ady &, Ady 71]) (by definition of w™)
<V Adg[€,n]) (by (14.3.9))
—(Adg v, [&,n]) = — {u, [&,n])

w (p )(fg (1) g (1) (14.3.12)
v

Lemma 14.3.3. o is left invariant, that is, Lyo = o for all g € G.
Proof. Using the equivariance identity ¢, 0Ly = Ad;—l oy, we compute

Lyo = Lygjw™ = (pu 0 Lg)"w™ = (Adg-i o) "w™
= G}(Ady )W = g =0 v
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Lemma 14.3.4. o(¢r,nn) = —{(vr, €L, nL])-

Proof. Both sides are left invariant and are equal at the identity by
(14.3.5). v

The exterior derivative da of a one-form « is given in terms of the Jacobi—
Lie bracket by

(da)(X,Y) = X[a(Y)] - Y]a(X)] — a([X, Y]). (14.3.13)

Since v, (&1) is constant, nz. (v (€L)] = 0 and {1 [vr (nL)] = 0, so Lemma 14.4.4
implies

o(€r,me) = (dvr)(€r,nL).- (14.3.14)
Lemma 14.3.5.
o=dvr. (14.3.15)

Proof. We shall prove that for any vector fields X and Y, o(X,Y) =
(dvr)(X,Y). Indeed, since o is left invariant,

(Ly-10)(9)(X(9),Y(9))

=0(e)(TLg-1 - X(9),TLy-1-Y(g))

a(e)(§,m) (where { =TLy,1-X(g) andn=TLy1-Y(g))
)

o(X,Y)(9)

= 0(&,ne)(e) = (Avr)(€r,me)(e) (by (14.3.14))
= (Lydvr) (€L, nL)(e) (since vy, is left invariant)
= (Avr)(9)(T'Ly - &p(e), TLy - nr(e))
= (dvr)(9)(TLy - & TLy - n) = (dvr)(9)(X(9), Y(9))
= (dv)(X,Y)(9)- v

Since 0 = dvy, by Lemma 14.4.5, do = ddvz, =0, and so 0 = dyjw™ =
¢y dw™. From ¢, o Ly = Adj-1 op,, it follows that submersivity of ¢, at e
is equivalent to submersivity of ¢, at any g € G, that is, v, is a surjective
submersion. Thus, ¢} is injective, and hence dw™ = 0.

Remark. Any Lie group carries a natural connection associated to the
left (or right) action. The calculation (14.3.13) is essentially the calculation
of the curvature of this connection and, as such, is closely related to the
Maurer—Cartan equations (see §9.1). ¢

Since coadjoint orbits are symplectic, we get the following:
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442 14.3 The Symplectic Structure on Coadjoint Orbits

Corollary 14.3.6. Coadjoint orbits of finite-dimensional Lie groups are
even dimenstonal.

Corollary 14.3.7. Let G, = {g € G | Adj-. v = v} be the isotropy
subgroup of the coadjoint action of v € g*. Then G, is a closed subgroup of
G, and so the quotient G/G,, is a smooth manifold with smooth projection
m:G— G/Gy;g— g-G,. Weidentify G/G, = Orb(v) via the diffeomor-
phism p: g-G, € G/G, — Adj-.(v) € Orb(v). Thus, G/G, is symplectic,
with symplectic form w™ induced from dvy, that is,

dvp =7*p*w™
(respectively, dvg = 7 p*w™).

As we shall see in Example (a) of §14.5, w™ is not exact in general, even
though 7*p*w™ is.

Examples

(a) Rotation Group. Consider Orb(II), the coadjoint orbit through
IT € R?; then

Ers(IT) = &€ x IT € T (Orb(I1)), and ngs(IT) = n x II € T (Orb(IT)),

and so with the usual identification of s0(3) with R?, the () coadjoint orbit
symplectic structure becomes

W™ (&ra(I), Npa(IT)) = —IL- (€ x ). (14.3.16)

Recall that the oriented area of the (planar) parallelogram spanned by two
vectors v, w € R3 | is given by v x w (the numerical area is ||v x w||). Thus,
the oriented area spanned by &ps(IT) and nps(II) is (€ x IT) x (np x II) =
[(§ x II) - T]n — [(§ x II) - p]IT = II(IT - (§ x m)).

The area element dA on a sphere in R® assigns to each pair (v,w) of
tangent vectors the number dA(v,w) = n - (v X w), where n is the unit
outward normal (this is the area of the parallelogram spanned by v and w,
taken “4” if v, w,n form a positively oriented basis and “—" otherwise).
For a sphere of radius ||II|| and tangent vectors v = &€ x IT and w = n x II,
we have

AA(E X TLy % T1) = e - (€ T (1 x TT)
= g7 - (€% T - T — (€ ) - 1)
= [[II|[IT- (€ x 7). (14.3.17)
Thus,
W= - aa. (14.3.18)

([T
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The use of “dA” for the area element is, of course, a notational abuse since
this two-form cannot be exact. Likewise,

1
wh = —dA. 14.3.19
] (14.3.19)

Notice that w™ /|| II|| = (dA)/||II||? is the solid angle subtended by the area
element dA. ¢

(b) Affine Group on R. For 8#0, and pu = ( g
O, formula (14.3.1) gives

() 0. (a0 (0 == ( () o) (]

) on the open orbit

= B(rv — su), (14.3.20)

or in coordinates, (¢, p) € R?,
w™ (p) = pdg A dp. (14.3.21)
¢

(¢) The Group Diff,,. For a coadjoint orbit of G = Diff(2) the (+)
coadjoint orbit symplectic structure at a point M becomes

wH(M)(=£,M,—£,M) = —/ M - [v,w]d"z, (14.3.22)
Q

where [v, w] is the Jacobi-Lie bracket. Note that we have indeed a minus
sign on the right-hand side of (14.3.22) since [v,w] is minus the left Lie
algebra bracket. ¢

Exercises

Exercise 14.3-1. Let G be a Lie group. Find an action of G on T*G for

which the map J(&)(vr(g9)) = —(vr(9),&L(g)) = — (v, €) is an equivariant
momentum map.

Exercise 14.3-2. Relate the calculations of this section to the Mauer-
Cartan equations.

Exercise 14.3-3. Give another proof that dw®™ = 0 by showing that
X g for wF coincides with that for the Lie-Poisson bracket and hence that
Jacobi’s identity holds.

Exercise 14.3-4 (The Group Diff.,,). For a coadjoint orbit for G =
Diff can (P), show that the (+) coadjoint orbit symplectic structure is

() (ks 1) (B f)) = /P f{k. b} dqdp.
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444 14.4 The Orbit Bracket via Restriction of the Lie—Poisson Bracket

Exercise 14.3-5 (The Toda Lattice). For the Toda orbit, check that
the orbit symplectic structure is

n—1
1
wh(f) =) _ —dbi Ada;. (14.3.23)
K3

i=1

14.4 The Orbit Bracket via Restriction of
the Lie—Poisson Bracket

Theorem 14.4.1 (Lie—Poisson-Coadjoint Orbit Compatibility).
The Lie—Poisson bracket and the coadjoint orbit symplectic structure are
consistent in the following sense: for F, H : g* — R and O a coadjoint orbit
in g,

(F,H},|0 = {F|0, H|O}*. (14.4.1)

Here, the bracket {F, G}y is the (+) Lie—Poisson bracket, while the bracket
on the right-hand side of (14.4.1) is the Poisson bracket defined by the (+)
coadjoint orbit symplectic structure on O. Similarly,

{(F,H}_|O = {F|0, H|O}". (14.4.2)

The following box summarizes the basic content of what the theorem
says.

Two Approaches to the Lie—Poisson Bracket

There are two different ways to produce the same Lie—Poisson bracket
{F, H}_ (respectively, {F,H},) on g*:

Extension Method:
1. Take FH : g* — R;

2. extend F, H to Fr, Hy, : T*G — R by left (respectively, right) invari-
ance;

3. take the bracket {Fp, Hy} with respect to the canonical symplectic
structure on T*G; and

Check
rewording,
changed due
to overflow
(wendy)

4. restrict: {Fr, Hr}|g* = {F, H}_ (vespectively, { Fr, Hr}|g* = {F, H}).

overflow!
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Restriction Method:
1. Take F,H : g* — R;
2. form the restrictions F'|O, H|O to a coadjoint orbit; and
3. take the Poisson bracket {F|O, H|O}~ with respect to the — (re-
spectively, +) orbit symplectic structure w™ (respectively, w™) on

the orbit O: for u € O we have

{FIO, H|O} (n) = {F, H} ().

Proof of Theorem 14.6.1. Let p € O. By definition,

(FH} ()= - <u, [‘g—i ‘;—ﬂ > . (14.4.3)
On the other hand,
{F|O, H|O} (1) = 0™ (Xp, Xi)(1), (14.4.4)

where Xp and Xy are the Hamiltonian vector fields on O generated by
F|O and H|O, and w™ is the minus orbit symplectic form. Recall that the
Hamiltonian vector field Xz on g* is given by

Xrp(p) = adg(p), (14.4.5)

where £ = 0F /dp € g.
Motivated by this we prove the following:

Lemma 14.4.2. Using the orbit symplectic form w™, for p € O we have
Xrio(n) = adsps, (1) (14.4.6)
]
Proof. Let &, n € g, so (14.3.1) gives
w™ () (ade p,ady p) = —(p, [§;n]) = (p,ady(§)) = (ady (1), €).  (14.4.7)
Letting £ = 0F/dp and 7 be arbitrary, we get

IV . . OF .
w (M)(adéF/ép :u'vadn M) = <adn H, E> = dF(M) : a‘dn - (1448)

Thus, Xpjo(1) = adsp)s, p, as required. v
.......................... 2 April 1998—14h10 ...
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To complete the proof of Theorem 14.6.1, note that

1) (Xrjo(), Xajo(p))
M)(ad;FVBH M?adEH/éu M)

{F|O,H|O}" (1)

w™(
w™(
_ <M, [fs_l; Z_ZID —(FH} ().  (14.49)

Corollary 14.4.3. (i) For H € F(g*), the trajectory of Xy starting
at p stays in Orb(p).

(ii) A function C € F(g*) is a Casimir iff 6C/ép € g, for all € g*.

(iii) If C € F(g*) is Ad"-invariant (constant on orbits) then C is a
Casimir. The converse is also true if all coadjoint orbits are con-
nected.

Proof.
Part (i) follows from the fact that X (v) is tangent to the coadjoint orbit O
for v € O, since Xy (v) = adjp s, (v). Part (ii) follows from the definitions
and formula (14.4.5), and (iii) follows from (ii) by writing out the condition
of Ad*-invariance as C(Ad,-: p) = C(p) and differentiating in g at g = e.
The converse is proved in the following way. If P is a Poisson mani-
fold, S C P is a symplectic leaf, and C is a Casimir function, then C'
is necessarily constant on S. Indeed, if C' were not locally a constant on
S, then there would be a point z € S such that dC(z) - v # 0 for some
v € T,S. But T,S is spanned by X (z) for k varying over F(P) and hence
dC(z) - Xi(z) = {C, k}(z) = 0. Therefore, dC(z) - v = 0, a contradiction.
Thus, C is locally constant on .S and hence constant, by connectedness of
the leaf S. In particular, if all coadjoint orbits of a Lie group G in g* are
connected, then a Casimir function C' is constant on each orbit and hence
Ad*-invariant. [ |

To illustrate part (iii), we note that for G = SO(3), the function

Ca(mm) = & 32

is invariant under the coadjoint action (A,II) — AII and is therefore a
Casimir function. Another example is given by G = Diff.,,(P), and the
functional

CMﬁ:LMﬁ@m

where dqdp is the Liouville measure and ® is any function of one vari-
able. This is a Casimir since it is Ad*-invariant by the change of variables
formula.
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In general, Ad*-invariance of C is a stronger condition than C being a
Casimir function. Indeed if C' is Ad*-invariant, differentiating the relation
C(Adj-1 p) = C(p) relative to p rather than g as we did in the proof of
(i), we get

oC oC

—— = Ad, — 14.4.1
S(Ady-1 p) dy o ( 0)
for all g € G. Taking g € G, this relation becomes §C/dp = Ady(6C/ép),

that is, C/dp belongs to the centralizer of G, in g, that is, to the set
Cent(G,,9) :={{€g|Ady, £ =¢ forall ge G,}.
Letting

Cent(g,,9) :={,€g|n§ =0 forallneg,}

denote the centralizer of g, in g, we see by differentiating the relation
defining Cent(G,,, g) with respect to g at the identity, that Cent(G,,g) C
Cent(g,, g). Thus, if C' is Ad*-invariant, then

oC

i € g, N Cent(g,, g) = Cent(g,) = the center of g,,.

Proposition 14.4.4 (Kostant [1979]). If C is an Ad*-invariant func-
tion on g*, then 6C/du lies in both Cent(G,,, g) and in Cent(g,). If C is a
Casimir function, then 6C/ép lies in the center of g,.

Proof. The preceding calculations prove the first statement. The last
statement follows from the observation that if C' is a Casimir function for G,
it is also one for Gy, the connected component of the identity, and so from
XXX 14.6.3iii it is Go-Ad*-invariant, so the first statement applies. |

By the theorem of Duflo and Vergne [1969] (see Chapter 9), for generic
p € g*, the coadjoint isotropy g, is abelian and therefore Cent(g,) = g,
generically. The above corollary and proposition leave open, in principle,
the possibility of non-Ad*-invariant Casimir functions on g*. This is not
possible for Lie groups with connected coadjoint orbits, as we saw before.
It is also not possible for semisimple Lie groups since any Casimir function
is a functional of the basis of the ring of invariants. If C' : g* — R is a
function such that 6C/ép € g, for all p € g*, but there is at least one
v € g* such that C/év ¢ Cent(g,), then C is a Casimir function that is
not Ad*-invariant. This element v € g* must be such that its coadjoint
orbit is disconnected, it must be nongeneric, and g must be non-semisimple.
We know of no such example of a Casimir function.

On the other hand, the above statements provide easily verifiable crite-
ria for the form or the nonexistence of Casimir functions on duals of Lie

........................... 2 April 1998—14h10 ...



448 14.4 The Orbit Bracket via Restriction of the Lie—Poisson Bracket

algebras. For example, if g* has open orbits whose union is dense, it cannot
have Casimir functionals. Indeed, any Casimir would have to be constant
on each orbit, and thus by continuity, on g*. An example of such a Lie
algebra is that of the affine group on the line discussed in Example (b) of
§14.1. The same argument shows that Lie algebras with at least one dense
orbit have no Casimir functionals.

Let us use Corollary 14.6.3 to determine all Casimir functions for the Lie
algebra in Example (f) of §14.1. If

iw 0 0 is 0 =z
p=1 0 dau 0 | €g", &=| 0 idas y | €g,
a b 0 0 0 0

for a,b,x,y € C,u,s € R, then it is straightforward to check that

" 0 0 1
adg p = 0 iqu” 0 for = mIm(am + abzy).
—iza —iasb 0
Thus, if at least one of a, b is not zero, then
0 0 =«
gy = 0 0 vy ||Im(ax+ aby) =0,
0 0 0

whereas if a = b = 0, then g, = g. For C : g* — R denote by

iC, 0 O,
(;—C = 0 waC, Cy |,
K 0 0 0

where C, € R, C,,C, € C are the partial derivatives of C relative to the
variables w,a,b. Thus, the condition 6C/ou € g, for all p implies that
C, =0, that is, C' is independent of u and

Im(aCy, 4+ abCh) = 0.

The same condition could have been obtained by lengthier direct cal-
culations involving the Lie—Poisson bracket. Here are the highlights. The
commutator bracket on g is given by

is 0 =« v 0 =z 0 0 i(sz—ux)
0 tas y |,| 0 tou w =10 0 dia(sw—uy) |,
0 0 0 0 0 O 0 0 0

so that for p € g* parametrized by u € R, a,b, € C, we have

(r0 = - ([ 25,2

= Im|a(F,H, — H,F,) + ob(F,Hy — H,F)].
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Taking F,, = F, = 0 in {F,C}. = 0, forces C,, = 0. Then the remaining
condition reduces to Im(aC, + abCy) = 0.

We solve this partial differential equation by the method of characteris-
tics. Let a = z +1y,b = u+1v so that C, = C +1iCy, C, = Cy +1C,, and
we get

2Cy + yCyp + avCy + auC, = 0.

The flow of the vector field with components (y, z, av, cu) is given by
Fi(z,y,u,v) = ( xcosht + ysinh¢, xsinht + ycosht,
u cosh at + v sinh at, u sinh ot + v cosh at )

and thus any function C = f(z? — y?,u? — v?) is constant on this flow.
Therefore, these functions are all Casimir functionals for g*.

One mathematical reason coadjoint orbits and the Lie-Poisson bracket
are so important is that every Hamiltonian space is (a covering of) a coad-
joint orbit. This is proved below.

If X and Y are topological spaces, a continuous surjectivemapp: X — Y
is called a covering map if every point in Y has an open neighborhood
U such that p~1(U) is a disjoint union of open sets in X, called the decks
over U. Note that each deck is homeomorphic to U by p. If p : M —
N is a surjective proper map of smooth manifolds which is also a local
diffeomorphism, then it is a covering map. For example, SU(2) (the spin
group) forms a covering space of SO(3) with two decks over each point and
SU(2) is simply connected while SO(3) is not. (See Chapter 9.)

Transitive Hamiltonian actions have been characterized by Lie, Kostant,
Kirillov, and Souriau in the following manner (see Kostant [1966]):

Theorem 14.4.5 (Kostant’s Coadjoint Orbit Covering Theorem).
Let P be a Poisson manifold and let ® : G x P — P be a left, transitive,
Hamiltonian action with equivariant momentum map J : P — g*. Then

(i) J: P — g% is a canonical submersion onto a coadjoint orbit of G in

*

g .

(ii) If P is symplectic, J is a symplectic local diffeomorphism onto a coad-
joint orbit endowed with the “+7 orbit symplectic structure. If J is
also proper, then it is a covering map.

Proof. (i) That J is a canonical map was proved in §12.5. Since @ is
transitive, choosing a zp € P, any z € P can be written as z = ®4(z0)
for some g € G. Thus, by equivariance

J(P)={J(2) | z € P} = {J(P4(20)) | g € G}
= {Adj-1 J(20) | g € G} = Orb(J(20)).
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450 14.5 The Special Linear Group on the Plane

Again by equivariance, for z € P we have T.J({p(2)) = —adg J(2),
which has the form of a general tangent vector at J(z) to the orbit
Orb(J(zp)); thus, J is a submersion.

(ii) If P is symplectic with symplectic form €, J is a symplectic map if the
orbit has the “+” symplectic form: w™ (u)(adg p,ady 1) = (u, [£, 7]).
This is seen in the following way. Since T, P = {¢p(2) | £ € g} by
transitivity of the action,

(T*w ™) (2)(Ep(2),np(2))

w
w

TN (Ep(2)), T-I(np(2)))
T(J(2)(adg I(2), ad;; I(2))
(JI(2), &) = J([&1)(2)
{J(&),J(n)}(z) (by equivariance)
QU)X s(6) (=), X g ()
Q(2)(Ep(2),np(2)), (14.4.11)

which shows that J*w™ = €, that is, J is symplectic. Since any
symplectic map is an immersion, J is a local diffeomorphism. If J is
also proper, it is a symplectic covering map, as discussed above.

If J is proper and the symplectic manifold P is simply connected, the
covering map in (ii) is a diffeomorphism; this follows from classical theorems
about covering spaces (Spanier [1966]). It is clear that if ® is not transitive,
J(P) is a union of coadjoint orbits. See Guillemin and Sternberg [1984] and
Grigore and Popp [1989] for more information.

Exercises

Exercise 14.4-1. Show that if C is a Casimir function on a Poisson
manifold, then {F, K}c = C{F, K} is also a Poisson structure.

14.5 The Special Linear Group on the Plane

In the Lie algebra s[(2,R) of traceless real 2 x 2 matrices, introduce the

basis
0 1 0 0 1 0
o] =l a) -l A
Note that [h, e] = 2e, [h, f] = —2f, and [e, f] = h. Identify s[(2, R) with R3
via
re +yf + zh € sl(2,R) — (2,9, 2) € R, (14.5.1)
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14.5 The Special Linear Group on the Plane 451

The nonzero structure constants are c3, = 1,cl; = —2, and ¢33 = 2. We
identify the dual space sl(2, R)* with R? via the map

a € sl(2,R)* — (a,b,c) € R?, (14.5.2)
where (a,b, c) € R® is uniquely determined by the equality

(o, e +yf + zh) = ax + by + cz, ie., afe)=a,af)=0b,ath)=c
(14.5.3)

One calculates that the () Lie—Poisson bracket of sl(2, R)* induces the
following Poisson brackets on R3 : {c,a} = 2a (respectively, —2a), {c,b} =
—2b (respectively, +2b),{a,b} = ¢ (respectively, —c), that is,

{F,G}+(a,b,c) = F2a <8F8G 8F6G> 2 (8F8G 8F8G)

da dc e da 9 dc  dc b
OF 0G OF 0G

Any Casimir function of R?* endowed with the () Lie-Poisson bracket of
s[(2,R)* is of the form

C(a,b,c) = ® <ab + %8) (14.5.5)

for a C! function ® : R — R. Thus, the symplectic leaves are the sheets of
the hyperboloids

1 1
Co(a,b,c) := 3 (ab + 102) = constant # 0, (14.5.6)

the two nappes (without vertex) of the cone ab + (1/4)c? = 0, and the
origin. The orbit symplectic structure on these hyperboloids is given by

w™ (a,b,c)(ad(, , . (a, b, ¢),ad(, 0 . (a, b, c))
= —a(2z2' —2z2") — b(2y2" — 229') — c(zy’ — yz')

1
= “NCo@ bl (area element of the hyperboloid).  (14.5.7)
ola,0,¢

To prove the last equality in (14.5.7), use the formulae
ad’(kx,%z)(a, b,c) = (2az — cy, cx — 2bz, 2by — 2zx),
ad, oy (a,b,¢) x ad(y . (a,b,c)
= (2be(zy’ — ya') + 4b*(yz' — zy) + dab(za’ — z2),
2ac(zy’ —ya') + dab(yz’ — zy') + 4a* (20’ — z2'),
A (zy —ya') + 2be(yz’ — zy') + 2ac(za’ — 22')),
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452 14.6 The Euclidean Group of the Plane

and the fact that V(ab + 1¢?) = (b,a, 3¢) is normal to the hyperboloid to
get, as in (14.3.18),

dA(a ,b,c)(ad(xyz)(a b,c),ad, . (a,b,c))
bate) *
- H( ol (adf, .y (a,b,¢) x adfy s (a,b,c))
—|

|VC’0(a b,c)w™ (a,b,c)(ad(, , . (a, b, ¢),ad(y 4 .oy (a, b, ).

14.6 The Euclidean Group of the Plane

We use the notation and terminology from Exercise 11.5-2. Recall that
se(2)* is isomorphic to R® with the bracket.

[(w,v1,v2), (¢, w1, ws2)] = (0, (ve — wwa, ww; — (vy)

= (0,w]Tw — ¢JTv), (14.6.1)
where v = (v1,v2), w = (w1, ws2) and
J= [ _01 (1) ] , Ji=J"1=-1I. (14.6.2)

Thus, se(2)* is identified with R? via the dot product. Therefore, if F :
s¢(2)* 2 R x R? — R, its functional derivative is

§F OF
) <8u v F) (14.6.3)

where (11, ) € 5¢(2)* 2 R x R? and V,F denotes the gradient of F' with
respect to o. The (£) Lie-Poisson structure on se(2)* is given by

{F,G}+(p,a) = + (g—FJa VoG — giu]]oz-vaF). (14.6.4)

One also checks that functions on se(2)*, of the form

Clua) = B <%|0z||2> (14.6.5)

for a (smooth) function ® : [0, 00[ — R, are Casmir functions and that the
symplectic leaves of se(2)* are the cylinders

{(,) € R* | ||ar|| = constant # 0} (14.6.6)

and the points on the p-axis.
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On the coadjoint orbit representing a cylinder about the p-axis, the orbit
symplectic structure is

w(p, ) (ad(§, )" (u, @), ad(n, v)* (i, @))
=+EJa-v—-—nlJa-u)

= *(area element dA on the cylinder)/| «|. (14.6.7)
The last equality is proved in the following way. Since
ad(€, u)" (1,0) = (~Ja- u,€Ja) (14.6.5)

and the outward unit normal to the cylinder is (0, )/||c||, the area element
dA is given by
dA(p, @) (=Ja-u, ] ), (=Ja-v,nla))
~(0,a)
el

[((—JO[ : u,{ﬂa) X (_v]]a "4, EJO[)]

= [[al(€Ja- v —nJa-u).

The Poisson structures of so(3)*,sl(2, R)*, and se(2)* fit together in a
larger Poisson manifold. Weinstein [1983b] considers for every e € R the
Lie algebra g. with abstract basis X1, X3, X3 and relations

X3, Xq] =Xo, [Xo,X3]=Xy, [Xi,X;5]=¢X3.
If £ > 0, the map
X1 vE(1,0,0)),  Xo s vE(0,1,00", Xs e v2(0,0,1)", (14.6.10)

defines an isomorphism of g. with so(3), while if & = 0, the map

(14.6.9)

X; — (0,0,-1), X (0,-1,0), Xj (—1,0,0), (14.6.11)
defines an isomorphism of go with se(2), and if € < 0, the map
v—e |1 0 V= |1 0 110 -1
X lo 1) 2o lon )]s el oo |
(14.6.12)

defines an isomorphism of g. with s((2, R).
The (+) Lie—Poisson structure of g is given by the bracket relations

{xs, 21} = w2, {22, 03} =21, {21,22} = €3, (14.6.13)

for the coordinate functions z; € gt = R?, (x;, z;) = &;;.

In R* with coordinate functions (1, x2, 3, €) consider the above bracket
relations plus {e,21} = {e,22} = {e,23} = 0. This defines a Poisson
structure on R* which is not of Lie-Poisson type. The leaves of this Poisson
structure are all two dimensional in the space (z1, z2,z3) and the Casimir
functions are all functions of 2% + 23 + ex3 and . The inclusion of g7 in
R* with the above Poisson structure is a canonical map. The leaves of R*
with the above Poisson structure as ¢ passes through zero is given in Figure
14.8.1.
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L - =~

>0 e=0 e<0

FIGURE 14.6.1. The orbit structure for so(3)",se(3)*, and s[(2,R)".

14.7 The Euclidean Group of Three-Space

The Euclidean Group, its Lie Algebra and its Dual. An element
of SE(3) is a pair (A, a) where A € SO(3) and a € R3; the action of SE(3)
on R3 is the rotation A followed by translation by the vector a and has the
expression

(Aja) - x=Ax+a. (14.7.1)

Using this formula, one sees that multiplication and inversion in SE(3) are
given by

(A,a)(B,b) = (AB,Ab +a) (14.7.2)
and
(Aya) ™t = (A7 —Ata), (14.7.3)

for A,B € SO(3) and a,b € R?. The identity element is (1,0). Note that
SE(3) embeds into SL(4; R) via the map

aa-| 5 1]
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thus one can operate with SE(3) as one would with matrix Lie groups
by using this embedding. In particular, the Lie algebra se(3) of SE(3) is
isomorphic to a Lie subalgebra of sl(4; R) with elements of the form

[ )5 %, ] . where x,y € R?, (14.7.5)

and a Lie algebra bracket equal to the commutator bracket of matrices.
This shows that the Lie bracket operation on se(3) is given by

[, 3), (X, ¥)] = (x x X', x x y' =X x y). (14.7.6)

Since

and
A al[x y][A' -A'la] [A%XA' —AxA la+Ay
0 1 0 0 0 1 B 0 0

we see that the adjoint action of SE(3) on se(3) has the expression

Ad(p . (xy) = (Ax, Ay — Ax x a). (14.7.7)

The (6 x 6)-matrix of Ad(4 ,) is given by

{ 500 ] . (14.7.8)

Identifying the dual of se(3) with R3 x R? by the dot product in every factor,
it follows that the matrix of Ad’(kA@)fl is given by the inverse transpose of
the (6 x 6)-matrix (14.7.8), that is, it equals

{ A aA ] . (14.7.9)

0 A
Thus, the coadjoint action of SE(3) on se(3)* = R x R? has the expression
Ad{p -1 (1, v) = (Au+a x Av, Av). (14.7.10)

(This Lie algebra is a semidirect product and all formulae derived here
“by hand” are special cases of general ones that may be found in works
on semidirect products; see, for example, Marsden, Ratiu, and Weinstein
[1984a,b].)
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Coadjoint Orbits in se(3)*. Let {ey, es, e3,f1, 2, f3} be an orthonormal
basis of se(3) = R* x R?® such that e; = f;,i = 1,2,3. The dual basis of
se(3)* via the dot product is again {eq, ez, e3,f1, f2,f5}. Let e and f denote
arbitrary vectors satisfying e € span{e, ez, e3} and f € span{fi,fs,f3}.
For the coadjoint action the only zero-dimensional orbit is the origin. Since
se(3) is six dimensional, there can also be two- and four-dimensional coad-
joint orbits. These in fact occur and fall into three types.

Type I:  The orbit through (e, 0) equals
SE(3) - (e,0) = {(Ae,0) | A € SO(3)} = 5}, (14.7.11)
the two-sphere of radius |/e||.

TypE II:  The orbit through (0, f)

SE(3) - (0, f)
= {(a x Af, Af)|A € SO(3),a c R*}
= {(u,Af)|A € SO(3),u L Af} = TSy, (14.7.12)

the tangent bundle of the two-sphere of radius ||f||; note the vector part is
in the first slot.

Typg IIT:  The orbit through (e, f), where e, f # 0, equals
SE(3) - (e,f) = {(Ae +ax Af,Af) | A€ SO(3),ac R®}.  (14.7.13)

We will prove below that this orbit is diffeomorphic to TSﬁfH. Consider the
smooth map

e-f
¢: (A, a) € SE(3) — (Ae +ax Af — WAf, Af) € TSy (14.7.14)

which is right invariant under the isotropy group
SE(3)(e,r) = {(B,b) | Be + b x f = e, Bf =f} (14.7.15)
(see (14.7.10)), that is,
¢((A,a)(B,b)) = ¢(A,a)

for all (A,a) € SE(3) and (B,b) € SE(3)(c,t). Thus, ¢ induces a smooth
map ¢ : SE(3)/SE(3)(c,s) — TSﬁfH. The map @ is injective, for if (A, a) =
©(A’;a’), then

(Ava)_l(A/a al) = (A_lAlv A_l(al - a)) € SE(S)(e,f)
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as is easily checked. To see that ¢ (and hence ¢ ) is surjective, let (u,v) €
TSﬁf”, that is, ||v|| = ||f|| and u-v = 0. Then choose an A € SO(3) such
that Af = v and let a = [v x (u— Ae)]/||f||?. It is then straightforward to
check that p(A,a) = (u,v) by (14.7.14). Thus, @ is a bijective map. Since
the derivative of ¢ at (A, a) in the direction T(10)L(a ) (X,y) = (AX, Ay)
equals

. d .
Tiaa)p(AX, Ay) = p o(Ae™ a+tAy)
t=0

=(A(xxet+yxf)+axAxxf)

- %A(x x £), A(x x f)) (14.7.16)

we see that its kernel consists of left translates by (A, a) of
{(x,y) €5¢(3) | x xe+yxf=0,xxf=0} (14.7.17)

However, taking the derivatives of the defining relations in (14.7.15) at
(B,b) = (1,0) we see that (14.7.17) coincides with se(3)(c¢). This shows
that © is an immersion and hence, since dim(SE(3)/SE(3)c,f)) = dim TSﬁfH
= 4, it follows that % is a local diffeomorphism. Therefore, ¢ is a diffeo-
morphism.

To compute the tangent spaces to these orbits, we use Proposition 14.2.1
which states that the annihilator of the coadjoint isotropy subalgebra at
equals T,0. The coadjoint action of the Lie algebra se(3) on its dual se(3)*
is computed to be

ad(y) (1, v) = (U X X+ v X y,V X X). (14.7.18)

Thus, the isotropy subalgebra se(3)(y,y) is given again by (14.7.17), that is,
it equals {(x,y) € 5¢(3) |[uxx+v xy =0,v x x = 0}. Let O denote a
nonzero coadjoint orbit in se(3)*. Then the tangent space at a point in O
is given as follows for each of the three types of orbits:

TvypE I: Since
5¢(3)(c,0) = {(x,y) € 5¢(3) | e x x = 0} = span(e) x R?, (14.7.19)

it follows that the tangent space to O at (e, 0) is the tangent space to the
sphere of radius ||e|| at the point e in the first factor.

TvypE II: Since

se(3) (0,0 = {(x,y) €5¢(3) [ f xy =0,f x x =0}
= span(f) x span(f), (14.7.20)
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it follows that the tangent space to O at (0,f) equals f+ x f*, where f+
denotes the plane perpendicular to f.

TvypE I1I: Since

5e(3)(e,r) = {(x,y) €5¢(3) |[exx+fxy=0and fxx=0}
= {(le, cie + Cgf) | c1,Co € ]R}, (14721)

the tangent space at (e, f) to O is the orthogonal complement of the space
spanned by (f,e) and (0, f), that is, it equals

{(u,v)|u-f+v-e=0 and v f=0}.

The Symplectic Form on Orbits. Let O denote a nonzero orbit of
se(3)*. We consider the different oribt types separately, as above.

TypE I: If O contains a point of the form (e, 0), the orbit O equals
Sﬁe” x {0}. The minus orbit symplectic form is

w™ (e, 0)(adfy y)(e,0),ad, ,)(e,0)) = —e - (x x x'). (14.7.22)

Thus, the symplectic form on O at (e, 0) is —1/||e|| times the area element
of the sphere of radius ||e|| (see (14.3.16) and (14.3.18)).

TypE II:  If O contains a point of the form (0, f), then O equals TSﬁf”.

Let (u,v) € O, that is, ||v]| = ||f]] and u L v. The symplectic form in this
case is

w (ll, V) (ad?x,y) (ll, V)v a(:r(ka,lz)) (ll, V))

=-u-(xxx)-v-(xxy —x'xy). (14.7.23)

We shall prove below that this form is exact, namely, v~ = —df, where
0(u,v) -ad(y (1, v) =u-x. (14.7.24)

First, note that 0 is indeed well defined, for if

adzx,y)(u, v) = ad(y v (1, v),

by (14.7.18) we have (x —x’) x v = 0, that is, x —x’ = cv for some constant
¢ € R, and since ulv, we conclude from here that u-x = u - x’. Second,
in order to compute df, we shall use the formula

di(X,Y) = X[0(Y)] = Y[0(X)] = 0([X, Y])
for any vector fields X,Y on O. Third, we shall choose X and Y as follows:
X(u7 V) = (Xa Y)ﬁe(3)* (u7 V) = adz;gy) (u7 V)7
Y(u7 V) = (le y/)ﬁe(3)* (ua V) = ad?x’,y’) (ua V),
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for fixed x,y,x’,y’ € R3. Fourth, to compute X [0(Y)](u, V), consider the
path

(u(e), v(e) = (" Fu+e(v x y), e V),
which satisfies (u(0),v(0)) = (u,v) and

(u'(0),v'(0)) = (u x x+v xy,v x x) = ad(, (1, V).

Then
X)) = |00 (e), v(o)
= % 6:Ou(e) X =(uxx+vxy) x.

Similarly, Y[0(X)](u,v) = (u x X' + v x y') - x. Finally,

[Xv Y](ua V) = [(X, y)se(3)* 3 (xlv yl)se(3)*](uv V)
= _[(Xa Y)a (X/, y,)]se(3)* (ua V)
=—(xxx,xxy —x'x ¥)se(3)- (W, v)

= a‘dzxxx’,xxy’fx’xy) (u’ V).
Therefore,
—df(u,v)(ad(y y)(u,v),ad(y o (a,v))
=—X[0(Y)](u,v) + Y[0(X)](u,v) + 6([X, Y])(u, V)

=—(uxx+vxy) xX+uxx+vxy) x+u-(xxx)

=-u-(xxx)-v-(xxy —x'xy),

which coincides with (14.7.23).
The form 6 given by (14.7.24) is the canonical symplectic structure when
we identify TSﬁf” with T*Sﬁf” using the Euclidean metric.

TypE I1I: If O contains (e,f), where e # 0 and f # 0, then O is
diffeomorphic to T*Sﬁf” in the following way. The map ¢ : SE(3) — T*Sﬁf”
given by (14.7.14) induces a diffeomorphism

?: SE(3)/SE(3)(e.r) — T*Sfy-

However, the orbit O through (e, f) is diffeomorphic to SE(3)/SE(3) s
by the diffeomorphism

(A, a) — AdzA,a)_l (e, f) (14725)
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Therefore, the diffeomorphism ¢ : O — T*Sﬁf” is given by

B(Ad[y 1)1 (e, ) = D(Ae +a x Af, Af) (14.7.26)
— (Ae+ax Af — |ef|f2Af Af).

If (u,v) € O, the orbit symplectic structure is given by formula (14.7.23),
where U = Ae +a x Af,v = Af for some A € SO(3),a € R®. Let

-f e-f
u=Aet+ax Af - —Af=u- —5V,
HfH2 (€]

v=Af=v, (14.7.27)

the pair of vectors (u, v) representing an element of 7.S2. Note that ||v|| =
|If]| and u-v = 0. Then a tangent vector to TSﬁfH at (u,v) can be rep-
resented as ad(y ) (u,v) = (u X X+ Vv X y,Vv x x) so that by (14.7.26) we
get

— * d - —€ex 54
T ® 1(ad(x,y) (u,v)) = 7 (0] 1(e u+e(vxy),ev)
e=0
_ 4 (e_e’zu +e(vxy)+ et e~y e_e’zv>
de |, Il £112 ’

:<u><x—|—v><y—|— (vxx),vxx)

1f11?
=UXx+VXYy,VXX)

= adzx’y) (ﬁ, V) .
Therefore, the push-forward of the orbit symplectic form w™ to TSﬁfH is

(‘I)*wf)(u,v)(adzx,y)(u v), ad’(kX w(w,v))

v)
=w (u, V)(T(u v)(I) (ad(x ¥) (11 V))

w ( (u,v)(I) l(adzx’,y)(u V))
= w_(ﬁ V)(a‘d(x y)(u V) adx y)(ﬁ V))
U - (xxx)—v-(xxy —x'xy)
u-(xxx')— (Xxy’—x’xy)—|Tf'”f2'v-(x><x’).

(14.7.28)

The first two terms represent the canonical symplectic structure on TS ﬁf\l
(identified via the Euclidean metric with T*Sﬁf”), as we have seen in the
analysis of type II orbits. The third term is the following two-form on T'S ﬁf\l

Bu, v) (ad(x (), adfy o (u, v)) S le'Hgv C(xxx).  (14.7.29)
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As in the case of 6 for type II orbits, it is easily seen that (14.7.28) correctly
defines a two-form on TSﬁfH. It is necessarily closed since it is the difference

between ®,w™ and the canonical two-form on TSﬁfH. The two-form (3 is a
magnetic term in the sense of §6.6.

We remark that the semidirect product theory of Marsden, Ratiu, and
Weinstein [1984a,b], combined with cotangent bundle reduction theory,
(see, for example, Marsden [1992]) can be used to give an alternative ap-
proach to the computation of the orbit symplectic forms.

Exercises

Exercise 14.7-1. Let K be a quadratic form on R?® and let K be the
associated symmetric (3 x 3)-matrix. Let

{F,L}x =—-VK - (VF xVL).
Show that this is the Lie—Poisson bracket for the Lie algebra structure
[u,v]g = K(u x v).

What is the underlying Lie group?

Exercise 14.7-2. Determine the coadjoint orbits for the Lie algebra in
the preceding exercise and calculate the orbit symplectic structure. Spe-
cialize to the case SO(2,1).

Exercise 14.7-3. Classify the coadjoint orbits of SU(1,1), namely, the
group of complex (2 x 2) matrices of determinant one, of the form

(3 0)

where |a|* — [b]? = 1.



